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UNIT - III

PROPERTIES OF SURFACES AND SOLIDS
CENTRE OF GRAVITY

The centre of gravity of a body is defined as a point through which the entire weight of

body acts, irrespective of the orientation of body. It is denoted by C.G. (or) G.

It may be noted that every body has one and only one centre of gravity. It is a well

known fact that, all material bodies are attracted by the earth.

The attraction of earth n material bodies is called gravity. Due to this attraction, the
earth applies force on all bodies and this force is called gravitational force. This
gravitational force is also known as weight of the body. This gravitational force is

proportional to the mass of body and it always act vertically downwards.

Since the body is a collection of small particles, such force of gravty acts on each
particles are all directed towards the centre of earth. Since we are dealing with the
bodies which are very small as compared to the earth, these forces can be assumed to be

parallel.

NOTE:-

The Centre of Gravity of solid is given as

mx mqXy MyXy Ms3Xs

r = m = Mg m; mj

my mqyq M3ys mM3ys
mq m; mj

[
=
[

m4, M2, m3 are masses of small elemental strips

X1 X2 X3 are the respective co-ordinates of masses mq,mz, m3......
w.rtsame axis of reference.

¥1,Y2,¥3, are respective co-ordinate of masses mq,mz2,m3 on y-axis w.r.t

same axis of reference.



CENTROID BY GEOMETRICAL CONSIDERATIONS

Shape T ] Area
h bh
Triangular area o 3
Quarter-circular 4r 4r ar?
area 37 37 4
- 2
Semicireular area 0 Ar L
RY 4 g
Quarter-elliptical 4a 4b mab
area 3 R4 4
Senielliptical 4h mab
g I T
area R4 3
Semiparabolic 3a 3h 94k
area 8 5
Parabolic area 0 E‘Th ﬂ
] 3
Parabolic spandrel 3a 3h ah
4 10
. n+ 1 n+l ah
General spandrel mﬁ mh T
. Arsine 3
Circular sector i 0 o=
Jar




For the plane area shown, determine (a) the first moments with respect to
the x and y axes, (b) the location of the centroid.

y
I il
/f//; / B0 mm
r ".\\ 40 mm
80 Ian -
60 :"nm *
f P
y y y y y
4
120mm Erl:gs"‘ﬁ T . = 60 mm
<—={ r =60 mm _ |60mm ry=40 mm
Lry=40mm — + + \J;/_.h;_ = | :;
b 40 mm I/ |- )
80 mm * ‘Z 801; 10546 mm . 80 mm

40 mm ; 4,

60$nm / X T & T . T L 1
90 mm 60 mm 60 mm
Component | A, mn’ rmm | g,mm | XA mm’ JA, mm’

Rectngle | (120)(80) = 9.6 X 10’ 60 4 +576 X 10° 384 X 10°
Triangle 1120)(60) = 36 x 10° 40 -9 +144 X 10° -79% 10°
Semicircle In(60) = 5655 X 10° | 60 105.46 +339.3 % 10° +596.4 X 10°
Circle ~m(40) = -5027 X 10° | 60 80 3016 x 10° ~4022 X 10°
3A = 13828 X 10° A = 4TTTX N0 | SyA = 45062 X 10°

Q. = ZyA = 506.2 X 10° mm®

Qy

b. Location of Centroid.

XZA = Z7A:
YZA = ZyA:

TxA = 757.7 X 10° mm®

Qr

Oy =

506 % 10° mm®
758 % 10° mm®

Substituting the values given in the table into
the equations defining the centroid of a composite area, we obtain

X(13.828 % 10° mm?) = 757

——

T 103211113

X = 548 mm

¥(13.828 x 10° mm®*) = 506.2 % 10° mm®

Y = 36.6 mm



Find the centroid of the | -section shown in fig

1L

- -
T I
2L }ﬁ
|
b 1 H H 3
$.No. | Component Area 2a Centroidal distance ay (mm")
(mm ) from 1-1 axis ‘y’ (mm)
3
1. |Rectangle |150x60 |60 270x 10
ABCD = 9000 2 +30
3
2. |Rectangle 100x 50 | 100 250 x 10
EFGH = 5000 2 +60 =110
3
3. |Rectangle 110x 50 |30 1017.5x 10
JKLM = 2ol 2+100+60 = 185
a = 19500 ay = 1837 5 x10°

ay

Distance of centroid from 1-1 axis,y= 4

1837.5 10"

19500

y 94.23mm

(Ans)



Find the center of a gravity of L-Section shown in fig

o
15

v | §20
. - s
Centroidal Centroidal
5. | Component| Area ‘a’ | distance from | distance from ay ax
No. (mm%) | 14 axis (y) | 22 axis (g | (Mm?) [ (mm°)
1. |Rectangle |80x20 |20 80 16 x 103 | 64 x 10°
ABCD = 1600 2 =10 2 =10
2 |Rectangle [80x15 |80 15 72 x10% | 9 x10°
DEFG = 1200 2 #20=-60| 2 ={5
a = 2800 ay ax
-g8x10° | =73x10°
_ax
Distance of centroid fromreference axis 2-2, x = 4
73108
2600
X 26.07 mm (Ans)




Find the center of a gravity area shown in fig

m S0
==, R0
Nk Ve
Lr
D | <L
| )
~= .
&
Centreidal Centroidal
§. | Component | Area ‘a’ |distance from | distance from ax ay
No. (mm%) | 14 axis (y) | 2-2 axis (x) | (mm°) | (mm°)
1. |Rectangle | 6x1=6 6 1 18 3
2=3 2 =05
2. | Rectangle 9x1.5=134 E 9 10.125 74.25
2 =075 2+1=55
3. | Triangle 1 b b 17475 |225
2=txh 3 +1.5 3 +1
1 Z2:5 i
:EE_SKB :_3 +5 =3_+1
=5 =2.33 =3
_ 57 ax ay
o =456  |=9975
Centoridal distance from 2-2 axis,
__8ax
< =
456
= 27
» = 1.69cm - (Ans
Centroidal distance from 1-1 axis,
o ay
W= a
99 V5
- 27
W= 3.69 cm (Ans




Find the Centroid of area excluding a circle of radius 2 is removed from
the circle of radius 'r' as shown in

The given section is symmetrical about x-x axis Hence the Centroid lies

on x-axis Area of larger circle, Aq = r2 r2
A
Area of smaller circle, Az =— e
2 4
Centroidal distance for larger circle, x4= 0

r.-
Centroidal distance for smaller circle, x = 22 =
2
4

M3

Pﬂi*ﬁzx_z
- A A
Centroidal distance,x = 1 2

Centroidal distance from 1-1 axis,

ay
g
d
8.810°
= 54168
¥ =15.11¢cm (Ans)



DETERMINATION OF CENTROIDS OF VOLUMES
BY INTEGRATION

b

EF'I =X, Erf =4, Erf: %
!'“" = I r:'l.'l.'ﬂ}!f

) Determination of the centroid
of a volume by double integration.

The centroid of a volume bounded by analytical surfaces can be
determined by evaluating the integrals given

fV=chfV §V=Jyﬂ'V EV=J3:IV

If the element of volume dV is chosen to be equal to a small cube
of sides dr, dy, and dz, the evaluation of each of these integrals
requires a triple integration. However, it is possible to determine the
coordinates of the centroid of most volumes by double integration if
dV is chosen to be equal to the volume of a thin filament

The coordinates of the centroid of the volume are then obtained by

rewriting Eqs. as

XV =J ¥, dV gV =Jgg,dv ZV =J z,dV



Theorem of papus

The volume of body of revolution obtained by revolving area is equal to the product of the

generating area and the distance travelled by the centroid of the generating area, while the body is
being generated.

Shape x Volume
a
L
Hemisphere T % '_fmj:}
| ' E
|
=l
‘-‘t— h —_—
r['
Semiellipsoid 3h 2,
of revolution T c g a wath
|
|
= +‘
i h |
a
Paraboloid l h Lo
of revolution — T C q 3 T
|
|
|
|- ?t+‘
| h
]
a
Cone l— T C I—; L razh
|
Ce.
| h
|
Pyramid b i h l abh
] TI 3 3
|
a ‘
=




PROOF :

Let the lamina shown in fig of area A is revolved about x- axis through the angle of 2 radians.
Consider an elemental area dA which is located at a distance of y from x- axis

The element of volume obtained by revolving the area dAisdV=2yd A

The volume generated by the entire area is
V=dv 2ydA 2 ydA

But ydA yA-
V=2 yA_

Here, the term 2 yA is the distance travelled by the centroid of the area.

Determine the location of the center of gravity of the homogeneous body
of revolution shown, which was obtained by joining a hemlaphﬂe and a

cvlinder and carving out a cone.

100 mm —n—|

y i
! |
'I.':nilmm I )
r7% T e -

- ————

oy 3 o 50 mm
= (60 mm) = 22.5 mm

3 . et
?I' 100 mm) = 75 mm



(fnmpmwnt Volume, mm?® . mm|xV. mm?
Hemisphere %4;‘- (60)° = 0.4524 x 10° |—22.5 —10:18 X 10°
Cylinder w(60)*(100) =  1.1310 X 10°|+50 +56.55 X 10°
Cone —%(ﬁﬂﬁm{n = —0.3770 x 10° | +75 —98.98 X 10°
.}

SV = 1.206 % 10° >xV = +18.09 X 10°
Thus,
XV =33V:  X(1.206 ¥ 10° mm®) = 18.09 % 10° mm*

X = 15 mm

MOMENT OF INERTIA

The concept of Inertia is provided by Newton’s. I law. Inertia is the property of the
matter by virtue of which it resists any change in its state of rest or of uniform motion.

Polar moment of inertia

In particular, all of the terms in all of momentum, angular momentum, and energy
equations concern sums over all the bits of mass in a system, with each bit of mass
multiplied by some terms concerning position, velocity and acceleration. From the earlier
sections in this chapter we know how to find the velocity and acceleration of every bit of
mass on a 2-D rigid body as it spins about a fixed axis. So it is just a matter of doing
integrals or sums to calculate the various momentum and energy quantities of interest. As a
body moves and rotates the region of integration and the values of the integrands change.
So, in principle, in order to analyze a rigid body one has to evaluate a different integral or
sum at every different configuration. But there is a shortcut: for a rotating rigid object a sum
(over all atoms, say), or a difficult integral (for example, over the complex region

representing a machine part) is reduced to simple multiplication.



The moment of inertia 1™V simplifies the expressions for the angular
momentum, the rate of change of angular momentum, and the energy of a
rigid body. For more general motions the shortcuts need a 3 x 3 matrix [[™]
But for 2D mechanics only one component of the matrix [/™] is relevant, it
is [, called just { or J for short.

RADIUS OF GYRATION
The moment of Inertia of an area is a measure of the distribution of the area
from the axis. If the whole of area of the body shown in fig. Is assumed to be
concentrated at a distance k from AB, then
| =Ak2 (1)
AB AB

This distance Kag is called as radius of gyration

Thus, the radius of gyration is
defined as the distance at which the
whole area of the body may be
assumed to be concentrated with
re“@’ence to the axis of reference.

Thus

In general,

Radius of gyration with respect to y - axis,
K [
"=\ A
Radius of gyration with respect to x-axis,

K i

| xx

« =\



PARALLEL AXES THEOREM

Statement:

Parallel axis theorem states that, ¥ The moment of inertia of a plane area about
any axis is the sum of the moment of inertia of the area about the axis, passing
through the centroid of area parallel to the given axis and the product of area of the
plane and the square of the perpendicular distance of its centroid from the axis”

PERPENDICULAR AXES THEOREM

Statement:

Perpendicular axes theorem states that, “If |, and lyy be the moments of inertia
of a plane lamina about two mutually perpendicular axes OX and OY meeting at O,
and moment of inertia |z about the axis z-z, perpendicular to the plane and passing
through the intersection of axes x-x and y-y is given by the relation
=] +1

ZZ XX ¥y

Moment of Inertia of Hollow Rectangular Section :

-

Consider a hollow rectangular A

section in which ABCD is the main n \%\mﬂﬂﬂﬁfa\g |
section and EFGH is the cut out ) % §
section as shown in =T i \%\‘:_
Let A %
b = breadth of outer rectangle "

-

d = depth of outer rectangle

b4= breath of cut out rectangle
d4=depth of cut out rectangle
Moment of Inertia of hollow rectangular section about x-x axis

lx— = M.I of rectangle ABCD - M_I. of rectangle EFGH

=) b bd”
| = il
- S v B .
similarly
| ab” g b
- iz 12




Moment of Inertia of Circular Section :

Consider a circular lamina of radius %
R. The lamina may be considered as
consisting of elemental concentric rings.
Consider one such elemental ring at a
radius T and having a thickness ‘dr’

Let x-x be the horzontal axis passing through the Centroid of the Circular section.

Area of elementary ring, dA= 2 rdr

Moment of inertia of elementary ring about polar axis z-z through O.
Perpendicular to x-y plane
d Iz.z= Area x (distance)?
= dA X r2

Moment of Inertia of a Semi-Circle :

Consider a semi circular section of
radius ‘R’ as shown

Case (i) : M.l about its diameter AB :
Moment of inertia of semi circle about its

diameter i.e_ about AB

Moment of inertia of circle about AB
2

|AB = D-4 64



MI of common shapes

----- MOMENT OF INERTIA
SHAPE FIGURE AREA [ oot [ About vy
Base, | | About xx @5, hy | ads |
- . Ees
Rectangle : o0 AB o iy
-0 | = | =ph
| 3 2 12
-1—!"—|
Triangl IAE. |
riangle A 5 xx _
foa\ bh| - -
/o 2 _ o )
x I § It e
; M 1 36
Circle f"’ s n_D‘-{ - lx:: l
el \ :Tr[]j' _1TI:]"Jr
N W B 64
i 2 | | |__
semi-Circle | /7 | 5 5
] ®37 |8 wt | =URY | e
4 s =— i3]
- 128
uarter M~ o
A % | me | oot | _mo*
\ea e 256
: 256
A : ’ |
Ellipse Y a - %
(: % / ' T =
s 7 4 4
i |
Trapezium ==t F+q - s :
af _ — .E‘-I." s PE‘F ¥ 'E
.'IF = ‘1I1'-. :;.:-"
R — WP +q




Find the moment of Inertia of a channel section shown below

1t

£ %
rfu
£h
1. {2

Moment of inertia of the given section about x-x axis

Ix-x= M.l of Rectangle (1) about x-x axis + M. of rectangle (2) about x-x axis + M.l of Rectangle

(3) about x-x axis

_ I _ I _
=[ selft + a1 (y1-y )2+ [ self2 + a2(y -y2)?] +[ self3 + a3(y -y3)?]
=[1706.66+320 (1 16-60)2] +[562432+60 (60-60)2] +[1706.66+320 (60-4)2]
= 1005226.66 + 562432 + 1005226.66

I, = 2572885.32 mm* (Ans)
M.l of section about y-y axis, I-yy:
Component | Area a | Centroidal Distance ax | self about the
imm?) | from 2.2 axis % (nm)| (mm3) | axis yy (mm?
Rectangle |a=40x8 6400 d|h5
l32|D A |se|fl= T
= w=2=H
‘ iy
=16 =
12
42666 67
Rectangle |2 = 104x6 ; 1872 | dob%
6! ¥ :3:3 seffy - ——
s E 12
o BT
T
= 1872
I .
Rectangle | a = 40x8 40 6400 selfy = 130"
3 e 12
=3 5 40¢
12
42666 67
a= 1264 ay =14672

Distancy of centroidal axis y-y from 2-2 axis

ax 14672

K== o

= 11.6imm



Component | Area a Centroidal Distance a | self about he
[mmgﬁ from 1-1 axis y" {cm) [mma} axis xXx [cm‘}
Reclangle  |a=6x3 R 3
1 3 i T
=1 y=2+13+4 1 12
5]
¥4 =185 :Q
12
=135
Reclange |2 = 1312 13 mo |l b
z 1,{:_ +4 SE'fg:—
P 12
= 213
105 =
12
= 6167
4 3
Reciangle 3= 1024 y3= E =2 # Igt, Bt I
12
=40 10 4
=53.34
12
a=84 ay = G2

Distancy of centroidal axis x-x from axis 1-1
ay 686

¥ = a =8 =4fkm

M.I of section about x-x axis

lvx = M. of rectangle (1) about x-x axis +
M. of rectangle (2) aboutx-x axis +

M. of rectanale (3) about x-x axis

M.| of section about x-x axis

Ix-x = M.l of Rectangle (1) + M.l of Rectangle (2) + M.l of Rectangle (3)
=0, +aly-r 14 vaG )+ vl )
self1 self 2 self3
A[36+12 (5-2.8)2] + [6.67+20(2.8-1)2] + [10.67+8 (4-2.8)4]
B 94.08 + 71.47 + 22.19

|, =187.74.cm* (Ans)

To Find M.l about y-y axis, ly-y :



Areaa | Centroidal Distance| ax | self about the
Component . .
(emd |from 22axis %' (cm)| m) | axsyy emh
Recfangle |a=6x2 il 3
A =2 gy =—=—
=1 112 U
67
12
100 3
i 87=10x2 1 oy =t
=N FT= 12
2 10°
=——— = 166,67
12
Rectangle |2 = 4x2 72 | ba[:j
3 2 =
=g X3=7 4 = 12
4 2*
=9 ETRRLLl
3=40 gv=134
Distance of centroidal axis y-y from 2-2 axis
ax 184
= a=d0 =46
»
M.l about y-y axis is 3
db db 3
Iy-y = _ 1 1
12 12 ]
20 (15)° 10 (8)°
= 12
= 5625 - 426.67
- 4
lyy = 5198.34 cm (Ans)
To find radius of gyration about the base:
M.l of base AB is
bd3 bd 3
IAB = _3 -3
3
_15 (20)~ _ 8 (1
3 '
= 40000 - 2666.67
I
AB = 37333.34cm’”

Radius gyration about base AB, KAB =

AB

(bd b1d1)



37333.34

(15 20 8 A(

AB =13.026 cm (1

Product of Inertia:
The sign of product of inertia depends upon the Co-ordinates of the various small areas

of the plane figure (with reference to the co-ordinate axes xx and yy about which the product
of inertia is to be found out)

Find the product of inertia of L -section shown in fig. with
respectto x and y axes
¥ i
Solution : J*
3
PN
| i
k 2. :! ¥ 2

Split the given area in two rectangles viz | and 2 as shown in fig

1t

™
=




{1} Rectangle {2} Triangle

Rectangle (1) :
I

Xy =1Xy+A Xy
=3 B 11
40 o0
=0+ (40 x &6D) i L
2 2
[simc=xq & vwq are axes of symmetry | 29 v1q = 0]
= 2400 x 20 x 30
lyrys = 1440000 mm*
Triangle (2) :
By parallel axis theorem,
I = A X272
b S +
A 6h
= +_ bh 40 _
T2 2 F '3
(30)2 (802 1 30
e - xHx B0  —
T2 2 3
= — 45000 + Q00000
| g2 = 855000mm* (Ans)
Semi-Circle (3) :
Bv parallel axis theorem,
4
| =X y +Ar ¥
X3 J 3 X 3
2 4 20
=0+ —— '1[]—1"31]]
2 3
Uy O

W)
=200300 __

(2) Semi-Circle

lyays = 348500mm* (Ans)



hy=11X1Y1 +aTXq Y]+ [ X 2 Y2 Fagx Y21+ [1 X373 Fa3 X3 3]

Sincexq , X3, %3 :F*l .}’2 'Fs are the axes of symmetry

Ix1y1 =0 Ix2y7=01x3y3=0
bey= [0+ (-810) + (0 + 0x0) + [0+ (-80)
ly= -1620cm* (Ans)
2. To Find the Principal Axes of Section about ‘0’ :

M.l of given section about x-x
lv_x=M.I. of Rectangle (1) about x-x + M.I of Rectangle — about x-x + M.|
X of Rectangle (3) about x-x

T |
-1 +ayf pLZsp +a P
=l 1 1 3 =elfd 3 3
19 3y 2 (6)°
= {12 Iag” e
12 3
2 (39
= (12 3yag”
12
_ 756 + 14 4756
| =1656cm*
X 3
| =fself +a( L2 s +a (x A
5, i i1 3 o S
3 (12)] 2 6 312
—_— (2 JF 4 + (12 s
12 3 12 )
-1332 + 16 + 1332

ly-y = 2680cm*



MASS MOMENT OF INERTIA

Definition:
Themass moment of inertia of system is a measure of theinertia of the system.i.
is a resistance offered by the system to the rotational acceleration ofthe mass of bod
Consider a three dimensional body of mass
‘m' as shown in fig.
Consider an elemental mass ‘dm’ at a
distance of r fromthe axis AA

ik ik
I

ia i
J

———
}:]‘

The mass momentof ineria aboutthe axes | :
AA is defined as U A
lag = rEdm

Radius of Gyration (k) of Mass :

The radius of gyration 'k’ of the body with respect to the axis AA s given £
the relation,

= K2m
M

| =mass momentof inertia of the body

where,

m = mass of the body.

Unit of Mass Moment of Inertia ;

Theunit of moment of Inertia of mass Hg.ma: when mass is expressed in kilograr
and radius of gyration in meters.



MASS MOMENT OF INERTIA OF VARIOUS BODIES

MASS MOMENT OF INERTIA

SHAPE FIGURE MASS | | |
, T ™7 "
Slender Rod * - . O] m?
B 12
/|
Rectangular Plate “’,}’” . M = bht Mh* E Nplsp
H 2 B |
. £ 2 2 2
Circular Plate === M=mR tp| MR MR MR
AN S 4 7
W
' 1..._'_,_-'
ek 2 |u LN
Circular Cylinder M=tk hp 3R 2ot EE. L
.""' e
L'_{_-H
1"H 2 . | Fi %
A 1w - W 2 '1_[]'IIIIH IR
CircularCone /|1, : - e A










UNIT IV

FRICTION

FRICTION

A force which prevents the motion or movement of the body is called friction
or force of friction and its direction is opposite to the applied external force or
motion of the

body. Friction is a force of resistance acting on a body which prevents or
retards motion of the body. Or When a body slides upon another body, the
property due to which the motion of one relative to the other is retarded is
called friction. This force always acts tangent to the surface at points of
contact with other body and is directed opposite to the motion of the body.

1. Static Friction :
The static friction is the friction experienced by a body, when it is at rest. In
other words, it is the friction when the body tends to move.

2. Dynamic Friction (or) Kinetic Friction :

The dynamic friction is the friction experienced by a body when it is in motion.
Dynamic friction is always less than static friction. It is about 40 to 75 percent
of limiting static friction. Dynamic friction is again divided in two types
namely,

(a) Sliding Friction :
The friction that exists when one body slides over the other is called sliding
friction. Example : A piston moving in the cylinder of an engine.

(b) Rolling Friction :

The friction experienced by a body when it rolls over the other body is called
Rolling friction. In other words, it is the friction occurs, when two surfaces are
separated by balls or rollers.

Example : Wheel or cylinder rolling over a surface. Rolling friction is always
less than the sliding friction.

Friction in Lubricated Surface :
When a lubricating fluid is introduced between the contact surface of two

bodies, fluid friction is developed. It may be of following two types.

1. Nonviscous or Boundary Friction :



If in between two rubbing surfaces, there exists a thin film or layer of an oil or
lubricant, the oil gets absorbed in the surfaces. Thus, there is no metal to metal
contact of surface but there is a contact between thin layer if the oil and
obviously the frictional force is reduced. In such a case, the frictional force is
known as boundary friction.

2. Viscous or Film Friction :

When the two surfaces are completely separated by a thick layer of lubricant or
a fluid, then, This limiting stage, when the block just start to move, is the ending
motion stage. The zone up to impending motion is is said to be range of static
friction.

CO-EFFICIENT OF FRICTION

It 1s defmed as the ratio of lmuting force of friction (F) to the normal reaction (R) It
s denoted by
_ Lmuting force of friction  F

Normal reaction N
F=pN
Co-efficient of friction 1s a measure of degree of roughness between the contact
urfaces.

As “ll” 1s a pure ratio, 1t has no units,

ANGLE OF REPOSE

It is the maximum inclination of a plane with the horizontal at which a
body is just begins to slide down the plane. In other words, the maximum
inclination of the plane on which a body, free from external forces, can repose
(steep) is called angle of repose.



ItLII\-'IITING FRICTION

The maximum friction (before the movement of body)
which can be produced by the surfaces in contact 1s known as
limiting friction

It is experimentally found that friction directly varies
as the applied force until the movement produces in the body.
Let us try to slide a body of weight w over another body by a
force P as shown 1n fig

Motion of the body
| — +

LAWS OF FRICTION

These laws are listed below:

1. Laws of Static Friction

1 The force of friction always acts in a direction opposite to that in which the
body tends to move.

2 The magnitude of force of static friction is just sufficient to prevent a body
from moving and it is equal to the applied force.

3. The force of static friction does not depend upon, shape, area, volume, size
etc. as long as normal reaction remains the same.

4. The limiting force of friction bears a constant ratio to normal reaction and

this constant ratio is called coefficient of static friction.

2. Laws of Dynamic Friction

1. The force of friction always acts in a direction, opposite to that in which the
body is moving

2. The magnitude of friction force is less than that of applied force.

3. The magnitude of force of dynamic friction bears a constant ratio to the
normal reaction (N) between the two surfaces. But this ratio is slightly less than
incase of limiting friction.

4. The frictional force remains constant for moderate speeds but it decreases
slightly with the increase of speed.



A body weight 50N rests on a rough, horizontal surface. How much h
force is necessary just to move it? The static co-efficient of friction
the body and the surface is 0.1. What horizontal force is necessary

the body moving if the co-effiecient of dynamic friction be 0.087
Given :

Weight of body, W = 50N

Co-efficient of static friction, p, = 0.1

Co-efficient of Dynamic friction by = 0.08

TO FIND
Apphed force P =7

Solution :
£ N
I T
ﬁ *
WS _ i
Resolving forces horizontally,
£F =0
P-F=0
P= uN g (1)
Resolving forces vertically,
LF. =0
N=W
N = 50N

. (1) becomes
P=50pu ST (2)



Solution :
Case:1 when the body is pulled.

The body is i equilibrivm under the
action of forces shown mn fig

Resolng the forces horzontally
3F =0
Peos30? - F= 0
18cos30%= uN
N =1539
Resolving the forces verfically
iF =
N+ P30’ - W=0
N=W-9
Put (2) m (1) we get,
HW-9)=1559
Case : 1 When the body is pushed.
The body 15 m equbbrmm under the
action of forces shown m fig.

fbuliom.

KL
A
by i

: P LsH

|
e L -/_'ﬂﬂz;-l'rﬂ.l,_h.hf
el | —

Ty ‘H.'L'[‘

.............. (1)
.............. @)
.............. 3)




Force apphed. P =7

Solution :
The forces acting on the block 15 " ",I.t-'“ ar
shown in o
== dﬁ:.:/l:'ﬁ'l-'m A
P e R I ETT
_ W IIHERN
Resolving forces horzontally
EFE= 0
Pcos20? - uN=0
Peos20"=06N ... (1)

Resohving forces vertically
IF=0
N+Psn2)l -W=0
N = 1000 - P 5in20°
Substituting the value of N in (1) we get
P cos20” = 0.6 (1000-Psin20)
P cos20" = 600-0.6 Psin20"
P (cos20™ 0.6sin20%) = 600

600
P= (c0s20° +0.6sin20°) --(2)

600
P=10.9397+0.6+0342)

600

T 1.1449

P = 514.5N (Ans)



Two blocks A and B of weight 1kN and
2EN respectively are in equilibrium as
shown in fig. 6.13. If the co-efficient of

friction between the two blocks as well as
the block B and the floor 1s 0.3, Find the

force ‘P’ required to move the block B,

when 1) the siring is tied to block A tightly
i) the string is removed.
Given
Weght of block A, W, = 1IN
Weight of block B, Wy = 2kN
Co-efficient of fuction, u=103

T0 FIND
Force P for given conditions.
Solution :
Let ‘T’ be the tension m the strmg.
(1) When string is tied to block A :
Equilibrium of block ‘A :
The forces actmg on block “A’ 15 shown m fig.




Besloving forces vertically, we get
Ng-Ny-wg=10
N -085-2=0
Np = 2.85
Put Ng = 2.85 m (2) we get

P =03 (0.85 + 2.85)

P = 1.11KkN.
2. When the string is removed :

The forces actng on block A" and
bleck ‘B’ when the string is removed is
shown i fig.

Besclving forces horizomtally,
L
P-Fg=0
P= uNg
P =03 (285)
P =0.855 KN

{Ans)

(Ans)
M,
e
B F
L —
1;lr.'“
P’ F. .
T uN,
M.



Two blocks of equal weights "W rest
on two surfaces of same co-efficient of static
friction, 1 = 0.25 as shown m fig.

The blocks are connected by rope passing
over a frictionless pulley. Find, for what value
of a, the motion of two blocks will mpend?

Solution :
Let “T" be the tension m the sinng
Equilibrinm of Lower Block:

Resolving forces along the plane,
iF_=10;
T+uN,-wsna=0
T+0N,=wsnae = ... (1)
Fesolving forces perpendicular to the plane,
IF =0;

Ni-weosa=10
N=wcos o
Substituting vale of ‘N™ in equation (1) weget,
T+025(wcos a)=Wsina
T=W({ma-025cosa) ... (2)
Equilibrium of Upper Block:

i i I
G —
LR EAE SRR RS AR Y 'ﬁ‘\:".ll A RLT

- r[ﬁ'-.

kH




Find the maximum tension in the
cord shown in fig. if the
bodies have developed full friction.

Given :
Weight of block| A, W, = [N
weight of block B, W = 400N
Co-efficient of foction of block A, p, = 0.2
Co-efficient of fction of block B, p; = 0.1

TO FIND

Maxmm Tension m cord =7
Solution :

Let T = Tension m the cord comecting 100N with 400N

T, = Tension m the cord comectmg 100N with support

Equilibrium of Block, B :
The forces actmgz on block ‘B 15
shown in fig.

Resobmg forces along the plane
IF =0
T + pgNj - 400 sim 30° =
T+0IN;-200=0
T=200 - 0.INg RN f |
Fesolvmg forces perpendicular to the plane,
IF, =0
Ng =400 cos 30°=10
N;=3464N
Substiitmg this value of N, m eqn (1), we get
T=200-10.1(3464)
T =165.36N (Ans)




Ladder Friction

Due to the self weight of ladder. the wpper end (B) of the ladder tends
downwards and hence the force of friction between the ladder and the wall (Fg=
will be acting wpwords.

Simalagly, the lower end A of the ladder will tend to move towards right. the
friction (Fy = uyN,) will be acting towards left.

For the equilibrinm of ladder,

(i} The algebric smm of horizontal components of the forces munst be zero ie, Z1

(i) The algebric sum of vertical components of the forces mmust be zero ie. I
@ The alzebric sum of horizonfal components of the Forces must be zero ie, TH'= 0.
(M} The algebric sum of vertical components of the forces st be zero 12, EV =0,

(ur) The algebric sum of moments of all forces about any pomt (A or B) nmst be
zero ie EM = 0.

ROLLING RESISTANCE

Consider a wheel which rolls over a honzontal sunface at constant speed as showm n
The forces acting on the wheel are

(M Self -weight (W) of wheel

(11} normal reaction (N} of groumd.

5o, here there is no friction force. This means the wheel will roll confinously and

But actually, the wheel stops after
sometme. This is due to the fact that the
wheel and the ground deform and the
contact between the wheel and the ground
1s not at cne pomnt a3 ongmally visualise
but over an area. This contact over an
area gives mise to a type of resistance
which 15 kmown as rolling resistance (or)
whesl friction.




BELT FRICTION

The belts or ropes are used to transmut power from one shaft to another by means
of pulleys which rotate at same speed or at different speeds. Transmussion of power 15
due to the Mchonal resistance developed between belt and the dnving or resisting surface
with which the belt 15 m confact

POWER TRANSMITTED BY THE BELT
Fiz shows the doving pulley ‘A" and doven pulley ‘B°. The doving pulley pulls
the belt from one side and delivers the same to otherside. It 15 thus obvious that the tension
on former side (Le., tight side) will be greater than the latter side (Le., slack side)

T, and T,= Tensions in tight and slack side of the belf respectvely
r, and 1, = radii of driver anf follower respectively
V = veloaity of the belt.

The effective tension or force acting at the circumference of the followmg 15 the
difference between two tensions (1e., T, - T,)
work done per second = force x velocity

=@,-T)V
Power trasmitted P=(T,-T)V
Torque exerted on doving pulley = (T, - T,) 1, Nm
Torque exerted on drven pulley = (T, - T,) 1, Nm



Find the power transmitted by a belt running over a pulley of 600mm diameter
at 200 rp.m. The co-efficient of friction between the belt and pullev is 0.25,
angle of lap 160° and mazimum tension in belt is 2300N.

{iven :
Diameter, d = 600 mm = 0.6m
Speed of pulley N = 200 rpm
Co-efficient of friction, 1 = 0.25
Angke of lap, 6 = 160° = 160 x %=1’;‘93 s
M temsicn, T, = 2500
TO FIND
Power transmifted by belt, P = ?

Solution :
ndN
Velocity of belt V = Tm
_ wx0.6x200
il
V=6284 mfs
We lmow,
| —
TR
E: 025 x 1793)
I
T 201
2500



= x0.45x20
=4 714 m/s
We kmow, for cross-belt dove

5 1'| —l'_z

SIn ot
X

| 0225+0.1
SR T

sm o = (.1667
o = s (0.1667) = 9.6°
angle contact, & = 1807 +2a
=180° + 2 x 9.6°
= 199 2¢

n )
=199.23mmd1:—3m

6 = 347 radians

1000
L= 1387

T, = 419N
Power transmitted. P = (T, — T)V
= (1000 — 419) 4714
= 2740W
P=274KW (Ans)



DYNAMICS OF RIGID BODIES

TYPES OF RIGID BODY MOTION

A rigid body can have the following types of motion :

(1) Translation (i1) Fixed Axis Rotation (i) General Plane Motion
(iv) Rotation about a Fixed Point (v) General Motion
Translation

A rigid body is said to have translatory motion if an imagmary straight line drawn
on the body remains parallel to the original position during its motion.

/ //\“
f/\ _ S ?\
" X : bﬁ' ’[ \ \ be

\L ' \E ,. i

(a) Rectilinear translatmn h) Curvilinear translation

Fixed Axis Rotation
Fixed axis rotation is defined as that motion of a rigid body in which all the particles
of the body, except those which lie on the axis of rotation, mowving along circular paths.

2 T
_ Foeea s al ."'"E' r
N
W
3
e
N
{a) \‘t\f_x

The planes of the circles in which the particles move are perpendicular to the axis of
rotation as shown in Fig. Also the particles located on the axis have zero velocity and
zero acceleration.

General Plane Motion

f'” 5 RS s

-

e 50

(&) Fnling vl

Fig : 9.3

The motion of a rigid body is said to have general plane motion when the body
nndergoes a combination of translation and rotation In other words, any plane motion which
is peither a rotation nor a translation is referred to as a general plane motion.



Relation between Linear Motion and Angular Motion
Following are the relations between the linear motion and the angular motion.

Inatial velocity u oy
Final velocity v @
Constant acceleration a o
Total distance traversed 3 B
Formmila for final velocity n=u + af @ = aytat
Formula for distance covered _ g 1
5 = ui_af* 0 =gy +5 ot
2 2
Formula for final velocity vi=ul+ Zas o = ca]ﬂ—EuEI
Differentsal formula for velocity 1IJ=E @ = el
dt dt
Differential  formula for | _ OV _do d'8
a= A= =5
acceleration dt dt gt

A body is rotating with an angular velocity of § radians/sec. After 5 seconds,
the angular velocity of the body becomes 18 rad/sec. Determine the angular

acceleration of the body.
Ghven

@ = §radsec; o= 28 radsec; f=J sec
Solution

To find the Angular Acceleration of the Body (a) :
We know that @ =a, + o
28=8+af))

28-8

LT T = 4 rad/sec’ (Ans)



A wheel rotating about a fixed axis at 30 rp.m. is uniformly accelerated for
50 seconds, during which time t makes 40 revolution. Find (i) angular velocity
at the end of this mterval, and (i) time required for the speed to reach 30
revolutions per minute.

Given
N, = 30rpm; f=>30sec; 6=40 revolutions
Solunon
We know that,
1 complete revoluion = 2x rad
40 complete revoluion = 2 x 40 = Bl rad
50, &= 80m rad
JaNp 2m=30 .
%="e0 60 = 1 rad'sec
Usmg the equation.
1
8= o +;1I.I':
izl 2
80 = 1 x 50 +7a(30)
- 0= 0075 ad/sec?
Now usmg the equation
0=y + o
@ ==+ (0.075) 30
o = 6.912 rad'sec (Ans)
(i) Time required for the speed to reach 80 rp.m. (t,):
2780
When N=80rpm : o= “éﬂ ) _ 8378 e
Then @ =@, + of,.

B3B=n+005x1¢
t, = 69.3 sec (Ans)



The motion of a disk rotating about a fized point is given by the relation
8 =3 (1 +¢¥), where 6 is expressed in radians and ‘t’ in seconds. Determine
the angular coordinate, velocity and acceleration of the disk when (a) t = 0
and (b) t = 3 seconds.

Given
B=3(l+ed) D)
Solunon
e . da ] .
Differentiating equation (1), E= o = -G )
Differentiating equation (1), E= a= 12 eI}
fa) Whene=10
Angular coordimate. 8 = 3(+=") = 6 rad {Ans)
Angular velooity, o=—6e" = radisec (Ans)
and
Angular acceleration, o= 12 & = 12 rad/zec? {Ans)
(b) Whent=3sec:
Angular coordinate, =3 (1 + E-G)= 3.007 rad. (Ans)
Angular veloctty, @=- 6T = - 0.015 rad'sec {Anz)
and

Angular acceleration, &t =12¢® = 0.03 rad'zec {Ans)



r'-F

An inextensible cord geing around a f/ T:a}\
a0

homogenous cylinder A of mass 100 kg holds G | 2

a massless plate B. The collar C of mass 30kg s

is releazed from rest in the position shown in Syl

fiz and drops upon the plate. Determine PR e

the velocity for the collar when it has P-Lnu: B E
descended an addidonal 0.5m after striking the [ ] —L

plate. Assume that there is no rebound: that
is C and B move downwards locked together
and the cord remains taut.

Grven
Mass of the cylmder A = 100kg
Mass of the collar C = 30kg
LSolunion
To find the workdone

The cable is mextensible. Hence the workdone by the infernal forces exerted by the
cable 15 zero.

Workdone by the system =30x981x15
=H145]

To find the change in Kinetic Energy
Change m Kinetic Energy doe to franslatory mobonof the weight

= 15v;2 (v=0)

Change m Kmetic Energy due to rotary motion of the cylnder
—_— 1 2
g )

Work done by the system = Total chanee m Kinefic Energy of the system
44145 = 15v;? + 25v?

44145 = 40v,?
. 44145
gl = R

v, =331 mfs (Ans)



A cyvlindrical roller is in F A

contact at its top and bottom, T
with two convevor belts [PQ and :

R ]

L

)

RS as shown in Fig : If the / ko S .

belts run at the uniform speeds |%*™ &‘L—"

of v/=5 m/sec and v,=3 m/sec,

find the linear velocity and the = /
. -FI: - B -

angular velocity of the roller.
The diameter of the roller may
be assumed to be 0.5 m.

Given
v, =Jmsec
v, =3 mibec
d =0im
1 =02m
Solution

Velocity of the Pomt A= vy = v + vy ¢
S=vp tw

[Put vy o v =3 misecand vy, =mw]

Velocity of Point B ; vg = v + vg ¢

3

Vo —IW
[-ve sign is due to left side diection of velocity v ]
Addmg equations (1) and (i), we get
§=2vc
~ Ve =4 misec
Substiuimg the vale of v I equabion (1) we get
5= 4025w

Ln
=

T R= = 4 rad/sec

[

235

il

ws = I s

- ()

(Ans)

(Ans)



A bar of length 1.2m has its ends J
A and B constrained to move
horizontally and verfically as shown in

Fig The end A moves with
constant velocity of 6 m/sec
horizontally.

Find (a) the angular velocity of
the bar, (b} the velocity of the end B,
and (c) the velocity of the mid point
C of the bar at the instant when the

axis of the bar makes an angle of 30°
with the horizontal axis.

Grven

The amangement of the given system 15 shown m fig;
Solution
Velocity of the end B : We know that

Plane motion = Translation + Fotaton about the centre
Vp=Vai+Vgy M
But m=m= 1Ja . (m)

The vector digram of velocifies comespondng to the equation (1) can be drawn as
shown m fiz -
Vi

melhnmcrdiagama = tan 6

b S, B
VBT o3 05T

vg = 10.39 m/sec (Ans)



'|..'
From the vector diagam,i= tan &

S VR
- VBT pn® | 05774

vg = 10.39 m/sec (Ans)
Angular velocity of the bar : From the vector diagram.

W

, = sm 30° = 0.5
VB/A
chbn o S B L A
L e
But from equation (i),
LT 1. 2w
12=12w
12
o 5 = 10 rad/sec {Ans)
The velocity of the mud-pomt C -
Ve =va T Vs [Vector sum] ()
— I 11 .
But vpoiy = S E@=— x 10 = 6 misec and v, = 6m/sec

The vector diagram of the velocibes comrespodmng to the equation () is drawn as
shown m fig. The magmtude of v, can be determuned as.

W, 6 g
; &a° . Lo ?
“Nee,/ iR
v

il ] =
Ve ="J|[{1"'ﬂ ¥ +{""-C-'_J|.:| — v =W g cos G0

= \J(6)? +(6)* —2x6xcos60°

v = 6 m/sec {Ans)



UNIT -V

DYNAMICS OF PARTICLES

This chapter is about the vector equation F = ma ' for one particle. Concepts
and applications include ballistics and planetary motion. The differential
equations of motion are set-up in cartesian coordinates and integrated either
numerically, or for special simple cases, by hand. Constraints, forces from
ropes, rods, chains, floors, rails and guides that can only be found once one
knows the acceleration, are not considered.

INTRODUCTION TO DYNAMICS
Dynamics includes:

1. Kinematics, which is the study of the geometry of motion.
Kinematics is used to relate displacement, velocity, acceleration,
and time, without reference to the cause of the motion.

2. Kinetics, which is the study of the relation existing between the
forces acting on a body, the mass of the body, and the motion
of the body. Kinetics is used to predict the motion caused by
glven forces or to determine the forces required to produce a

Hl"v"E‘I] motion.

The key tool is, in Newton’s words,

“Any change of motion is proportional to the force that acts, and

it is made in the direction of the straight line in which that force

s acting.”

Realizing that the quantification of motion is the product of mass and
velocity, and that the rate of change of velocity is acceleration, in modern
language we could rephrase Newton’s as:

‘the net force on a particle is its mass times its acceleration.’
Informally we think “force causes motion in the direction of the force’. Then,
thinking more carefully we fill in the details that in this context ‘motion’
means acceleration and that the amount of force needed for a given acceler-
ation is also proportional to the mass.



If we define F to be the net force on the particle (F = )_ E) then linear mo-
mentum balance becomes “Newton’s second law’,

F = ma.

Newton’s laws are accurate in a Newtonian reference
frame
Acceleration is calculated from position using a particular coordinate system. For
our purposes here, a coordinate system is also a reference frame. The calculation of
acceleration of a particle depends on how the coordinate system itself is moving. So the
simple equation

s

F = ma

has as many different interpretations as there are differently moving coordinate systems
(and there are an infinite number of those). In each different coordinate system, the
coordinates of a given particle are different from the coordinates in another system. And
the calculated accelerations are also different. Sir Isaac Newton was sitting on earth
contemplating position relative to the ground at his feet when he noticed that his second
law accurately described things like falling apples.

Mechanics is the same on a constant velocity train or plane as on a stationary plane
or train. Any reference frame in which Newton’s laws are accurate is called a Newtonian
reference frame. Sometimes people also call such a frame a Fixed frame, as in ‘fixed to
the earth’ or ‘fixed to the stars’. But a Newtonian frame could also be ‘fixed’ to a
constant velocity train or plane. For most engineering purposes a coordinate system
attached to the ground under your feet is a good approximation to a Newtonian frame.
Fortunately Or else apples would fall differently. Imagine Newton’s apple having fallen
on some crazy curved path leaving Newton confounded and the subject of mechanics still
a mystery. The fall of apples, both in Newton’s day and now, is well predicted using
Newton’s laws and treating the ground as a Newtonian frame. However, if you are

interested in trajectory control of satellites, you need to use something more like the



‘fixed stars’ as your (even more accurate) Newtonian reference frame in order to make

accurate predictions using Newton’s laws.
MOTION AND ITS TYPES

A body is said to be in motion if it changes its position with respect to its
surroundings. The nature of path of displacement of various particles of a body
determines the type of motion. The motions may be of the following types:

1. Rectilinear Motion 2. Curvilinear Motion

Rectilinear Motion :

When the particles of a body move in straight parallel path then it is called rectilinear

motion.

Curvilinear motion :

When the particles of a body move along a circular arcs (or) curved paths, then it is
Curvilinear motion

Instantaneous Velocity :

It 1s the velocity of particle at any instant of motion. It is the limit of average velocity

as the increment of time approaches zero.

Displacement Equations

v=u+at

S=ut+1at2

v2 —u2=2as



An automobile travels 360m in 30 seconds while being accelerated at a

constant rate of 0.5m/s? Find a) its initial velocity b) its final velocity c)
distance travelled during first 10 seconds.

5 = 360m
t = 30 seconds

a=05 rﬂfs2

S— T LTI

a. To find initial velocity (u):

We know,

1 at

s=ut+2

a. To Find retardation :

We know,

v2— 2= 2as

0-(15)%=2a x 35
225

T
a=-321 mls? (Ans)

b. To find time required to stop the car:

v=u+at
0=15+(-321) x t
321 t=15
# 15
= 321

t = 4.61 Secconds [Ans)



A motorist driving a car at 54km/hr, observes a traffic light 240m ahead turns red. The traffic light
is timed to remain red for 24 seconds. If the motorist wishes to pass the light without stopping
just as it turns green again, Find

(a) the required uniform deceleration of the car (b) Speed of car as it passes the traffic

light.
Given :

Initial velocity, u = 54km/kr

541000
= m /sec

3600

u=15m/s
Solution :

Consider the journey of train in 3 portions, viz, accelerating, uniform and declereating Refer Fig
Accelerating Journey :

Initial velocity, u = 0 a = 0.25 m/s?

t = 1min = 60 seconds

- Y

Fig 7.9
We know, N
S=ut+__ at2
2
:
S=0+7 x025x (60)2
S =450 m
Final velocity V = u + at
=0+ 0.25 x

60V =15 m/s.
Uniform Velocity Jourmney:

Initial velocityu= 15
misa==0
t =8 min



t = 8 x g6—=A80=econds

We know \
2

S=ut+1at
2
=15x%x480+0S =7200 m

Distance Travelled by Police Party:
Uniform velocity u =V = 20 m/s
a=1>0
Time=t
We know,
1.5
S=ut+7at
S=20t+0
s=2060. . (2]
For the police party to overtake the burglars car, two distance (1) and (2) are same.
(t+5)2 = 20t
£ 410t + 25 = 20t

12 _ 10t + 25 = 20t

y= 10100 100
= ——

t=5 Seconds (Ans)

Striking velocity of a particle dropped from height ‘h’

When a particle falls from a certain height ‘h’ from rest, its initial velocity becomes zero

ie,u=0
We know,
v2-ul= 2gh
v2-0=2gh
v2 = 2gh

V= ,/29h



A body is dropped from rest. find (a) time required for it to acquire a velocity of
6 m/s and (b) time needed to increase its velocity from 16mis to 23 m/s

Solution :
a. Time required to reach a velocity of 16m/s_:

Here,
u==0
v =16 m/s
We know
v=u+gt
16=0+981t

t=1.63 Seconds (Ans)

b. Time need to increase its velocity from 16 m/s to 23 m/s:

Here,
u=16ms
v =23 mfs.

The ball takes some time to reach the ground
Total time the ball remained in air is
T=2x10.09=20.18 seconds (Ans)
RESULT

(1) Velocity with which ball was thrown = 99 m/s
(2) Total time the ball remained in air = 2018 Seconds



A stone dropped into well is heart to strike the water after 3 seconds.
Find the depth ofwell, if velocity of sound is 350 m/s

Given .
Velocity of sound, v =350 m/s
Initial velocity, wu=10
selution :
Lett =time taken by stone to reach bottom of well
Depth of well is
h=ut +1 gt2
2
>
0+ 2 x9.81xt2

a9 (1)

=
Il

We know,
Time taken by sound to reach the top

Depth of well
= Welocity of sound
_h
= 350
_ 4942
350
EI-‘_-,.f Given:
Total time taken = 3 seconds
consider 15t particle moving up :
uq=0
We know, y
h1=u1t + 2 g’r_2
1

70 =0+ 5 x9.81 t2
70 =4 912

t a.gg = 3.78 seconds

Considerthe second particle moving down
1

h2 = uzt — o gt"2
.

30 =u2 (3.78)— 2 x 9.81 x(3.78)°
30=378uz—70

3. F8uz =100
100

Y"a s

uz=26.45 m/s (Ans)



The velocity of a moving particle is given by
v =13 t+ (0.05)t> where
u = velocity of particle in m/s

t = time in seconds.

The velocity of particle reduces with time. Find the initial velocity and

velocity after 5 seconds. Also determine the distance travelled in this

time, average velocity and average acceleration.
Given :
v=13-t+(005) B (1)
Solution :
Initial velocity of particle (g att =
0)v=13-0+05 (07
v=13mis (Ans)
Velocity after 5 seconds:
FPutt=35in equ (1), we get
v=13-5+(0.05) (5)°
=8+ 6.25
=14.25 m/s (Ans)

CURVILINEAR MOTION OF PARTICLES

The maotion of a particle along the curved v A
path is called as curvilinear motion. If the
curved path lies in a single plane, itis termed
as plane lies in a single plane, it is termed as
plane curvilinear motion. a5 shown

s ith o parmiche




The motion of a particle is given by the equations

x = 2(t+1)2
2
Y= 1)?

where ‘X’ and ‘y’ are expressed in meters and t’ in seconds. Find the velocity and
acceleration when t = 0.

Solution :

Displacement time relation in x-direction is x = 2(t+1 )2
component of velocity in x - direction

dx
vx =dt=4 (t+1) Att=0,
vx =4 (0+1) = 4 m/s component of
acceleration in x - direction
_dv
= X

X dt

ax = 4m/s?
Displacement time relation in y - direction is

y —
y =2 (t+1)2
Component of velocity in y - direction, dy

V =
y dt

vy = -4 (t+1)3

Att=0,
vy = -4 (0+1)3 vy = -4 m/s
RESULT
Att=0,

1. Velocity, V =5.66 m/s

2. acceleration , a =12.65 m/s2



The speed of a racing car is increased at a constant rate from 100km/hr
to 120 km/hr over a distance of 180m along a curve of 240m radius

Determine the magnitude of total acceleration of car after it has
travelled 120m along the curve

Given:
100 *1000
Initial velocity, u = 100kmihr = 2600
u=27.77 mis
120 1000
Final velocity, v = 120 kmi/hr = 2600
V=3333mfs
1',2
Mormal acceleration, anp= T )
(31.59)%
240
,_a'_D_ = .

4.158 m/s2

Total acceleration, a=./g 21 azn

a=|
Vi0.043)2 (4.158)2

a=4.264 mi/s? (Ans)
Result

Acceleration. a = 4.264 m/s2

What is the smallest radius which should be used for a highway curve if the normal

component of the acceleration of a car travelling at 72 km/hr. is not to exceed 0.72 m/s2?
Given :

Normal acceleration, a= O.72m/s2
n
Velocity, v = 72km/hr.
v = 72 1000
3600
v =20m/s
Solution :
We know, 2
v
an=
2



(20)*
0.72
= 555.6m

Smallest radius, = 555.6 m (Ans)
Total acceleration of particle after 4 seconds

is, a = 144.86 m/s?

PROJECTILE

When a particle is projected upwards at an certain angle to the earth’s surface, the
particle travels along a curved path. This particle which is thrown into space is called
projectile.

For example,

1. A cricket ball thrown into atmosphere

2.A bullet fired from gun

3.A bomb released from moving plane.

Terms used with Projectiles:

Some important terms relating to projectiles are given below. Refer fig 7.30.
a. Projectile Motion:

The motion travelled by the projectile is called as projectile motion.
b. Trajectory:

The path followed by the projectile from the of projection to the point where it meets
the ground is called the trajectory of the projectile.
¢. Velocity of Projection:

The velocity with which the projectile is thrown into space is called velocity of
projection. It is denoted by u.
d. Angle of Projection:

The angle, which the velocity of projection makes with the horizontal or at which a
projectile is projected, is called angle of projection. It is denoted by “T’.
TIME OF FLIGHT, (T)

Let‘t’ be the time taken by particle to reach its maximum height.



Body A is thrown with a velocity of 10m/s at an angle of 600 to horizontal. If another
body B is thrown at an angle of 450 to the horizontal. Find its velocity if it has the same
a. Horizontal Range
b. Maximum Height
c. Time of Flight, as the body A.
Given :
Initial velocity of body ‘A’ ua = 10m/s
Angle of projection for ‘A’, A= 60°
Angle of projection for body body, ‘B’, B = 459
Solution :
Let intial velocity of body ‘B’ be uB a) If it has same

horizontal range:

RA= RB

Ua, . :
ACsIng A I_IEIE sin2 B
g g

(10)2 sin2x609 = ug? sin2 x 459
100 sin 120% = ug? sin90”
100 x 0.866 = ug® x 1

ugs = 86.6

ug = 9.3 mis (Ans)
) If it has same maximum height:

(h ) =)

E

(8 8]

Freln

5
29

o8]

2 3

29

B



horizontal range = 3 = maximum height.

u 2 sin 2 UE SiI"IE
q e
3
sin2 =2 s’
3
2sin ggg =2 sin’ [ sin2 =2sin cog ]
dcos = 3sin
sin 4
cos =3
tan =1.33
= tan"1 (1.33)
=530 8 (Ans)

A body weighs 50kg on earth. Find its weight (a) on moon where gravitational
acceleration is 1.4 m/s2 (b) on the sun, where the gravitational acceleration is

270 m/s2.

Given :

Mass of body, m = 50kg.

acceleration due to gravity in moon, a=1.4 m/s2
acceleration due to gravity in sun, a =270 m/s2 s
Solution :

a. Weight body on moon :

We know, weight, W =m xam

W=50x1.4

W=70N (Ans)

b. Weight of body on sun :

Weight,

W=mxas

W =50x270

W =13,500N (Ans)



First law of Motion (or) Law of Inertia

This law states that, “Every body continues in its state of rest or uniform motion in a
straight line, unless it is compelled by same external force to change that state”.

Explanation :

The above statement is divided into two parts:

1. If a body is at rest, then so as to set it in motion the external force has to be
applied on it.

Example : A book will remain on a table unless it is lifted up by some external
force.

i1. If a body is moving with a constant speed along a straight line; then inorder to
increase or decrease its speed; a force has to applied in the direction of motion
or opposite to the direction of motion.

Example : A ball will move continously with the same speed (provided there is
no force of friction. and air resistance) until and unless it is compelled to stop by
same external force.

Second Law of Motion

This law states that, ““ The rate of change of momentum of a body is directly proportional
to the applied force and the change takes place in the direction of application of force.”
This law gives the measure of force and is the fundamental law of dynamics.

Third Law of Motion

This law states that, “To every action, there is an equal and opposite reaction”

DYNAMIC EQUILIBRIUM

The body will be in equilibrium under the action of external force ‘F’ and the inertia
Force (-ma). This is known as D’ Alembert’s principle.

So, F = ma is Equation of motion.



A tov train having a mass of 1 ke moves with velocity of 25m/s. If an extermal
force of 10N be applied to the train for a period 0.5 second, find out the final
velocity of train when the,

{(a) force acts in direction of motion

(b} force acts in opposite direction of motion

Given -
Mass, m = 1kg
hutial w ity u = 25 m'fs

Fome, F = 100
Tme, t = 0.5 secomds

Solution -
We ko,

F=ma

F

a= —

I

_lo

T

a= 10 m's*

a. When Force Acts in Direction of Motion :
When the force acts m drection of motion, the tram will hawve acceleration.

We kmonar,
wv=mnu + at
w=254+ 10 x 0.5
w=25+3
Final wvelocitw, v = 30 m's (Ams)

We know, v=1u + at
v=25+(-10) (0.5)

v=25-5
v=20m/s
Result

a) Velocity of train when force acts in direction of motion = 30m/s
b) Velocity of train when force acts in opposite direction of motion =20 m/s



An Slkg block rests om a
horizontal plane as shovwm in fig
Find the magnitude of force P
required to give the block am
acceleration of 2.5 mfs? to the right.
The co - efficient of kKinetic friction
between block and plane is p = 025

Given -
Mlass, m = B0 kg
Weight W=meg=280x 981 =T8S N
Acceleration, a = 2.5 m/'s*
Co-efficient of fiction. n = 0.25

Solunon - r R——
The various firces actnz on block is i T~
E]:BI:I"ﬁ'll ]II. ﬁg __j____‘_ WA L
* e 30

e e g o o e g g e e e

Besobing forces wvertically,
SF. =0= N-W-Psn30°=0
N-T785-05P=0
N=785+05P e
Resolving forces horizontally:
SF.=0

-

Peos 30 — N -ma=10
0866F — 023N — BD =25 =0
D866 P = 023N + 200 e (UK
Substitute value of N in equation (2), we get
0.866P = 0.25 (785 + 0.3F) + 200
0866F = 19623 + 0.125P + 200
0741 = 39625
P=353sN (Ans)

2

RESULT
Magnitude of foce, P = 533N



Two blocks A and B of weight 50N
and 40 N respectively are conmected by
inextensible string as shown in fig
If the co-efficient of friction between
block B and the horizontal plane is

=025, If the system is released from rest and block A falls through a vertical
distance of 2m. What is velocity attained by block A. Take g = 9.81 m/s?

Griven -
Weight block A W, = 80N

mass of block A m, = % = 8.16 kg
welght of block B, W, = 40 ™

MMass of block B, m, = % =4 08kgz
=025

Distance nesowved by block A S = 2m
Ingtial welocity of block A, u=0

Soluten -
Let T be the tension m the strime
. - e C . T
Considering block A" : ) T o
Forces acting on block “A” is shown L“T“LEM A
m Fig B.14 (a)
Fesolving forces vertically T Em 15
ZF_=10 ;
T+ma-30=20
T+E816a=80 1

Considering block “B*
Forces acting on block B’ is shown m fig 8 14 (b)

Mhstiom

Temwe i Fobs Bl
L]
Ils = J-"m.r
Besobmmgs forces wvertically;
EF, =0 ;
N-40=0



Resobhimng horzontalby
T-pN -ma=0
T-025 x40 - 408 =0
T-10-408 =0
T-408=10 2
Subtracting equations (1) & () we get,
(T + 816} - (T - 4.08a) = 80 - 10
12 24a = 70
a = 3. 72m's?
To find velocity of block A :

We know,
v - u? = Qas
v_0=Px5T2=x2
v = 2288
v = 4.78 m's {Ams)
RESULT

Welocity attaimed by block A v = 478 m's

A body weighting 100N rests on a rough inclined plane, as shown in fig

It is pulled up the plane, from rest by means of light flexible rope running
parallel to the plane. The portion of rope haangs vertically down and carries
weight of 150N at the end. Find

(i) Acceleration with which the body moves up the plane

(i) Tension in the rope
(iti) Distance moved by bedy in 2seconds,

starting from rest. Take p = 0.2 and
z = 9.8 m's

Given -
T T e 1{"} — =
W, = 100N, m, = T 10.19 kg
150

[ — T —_ — =15
W, = 150N, m, 081 1529 ke

o= 300

n=02

t=02

t = 2 seconds, Imfial veloctty, u =0



Solution :
Let °T" be the tension m the stne
Considering motion of 100N block :
The forces actmg on 100 N block 15 shown m fiz 8.16.

Resohvmg forces perpendicular to plane,
=5~
N-100 cos 30°=10
N-8366=0

N=866N
Fesolving forces along th plane,
¥F =0,
T-100sm30° -mN -ma=10
T-100sm 30° - 02 x 866 - 1019a=10
T-30-1732-1019a=0
T=6732+101% ..(1)



Considering motion of 150N block : T .
The forces acting om 150N block 1s bncriia fosce t
shown m fig 8.17. {1nal) l

L300

Felliplicim

Fig 8.17

Resobimg forces wertically,
EF:I, = ()
T+ma-150=0
T+ 1529 a-150=0
T=150-1529a .. &
Equating. (1) & (2)
6732+ 1019 a=150- 1529 a
2548 a = 82.68
acceleration. a = 3.25 mfs? (Ans)
To Find Tension in rope:
Substituting the value of “a’ m equation (1),
T=6732+1019x 325
T=6732+3306

T=1M.38 N (Ans)
To find distance moved by body :
Usmg relaton
LA
= -+ —
S=nut 5 ar
1 2 4
S=0+7x3B=x()y
S =06.5m (Ans)
RESULT

(1) acceleration with which body moves up the plane, a = 325 m/s*
(2} Tension m rope, T = 100.38N
(3) Drstance moved by the body, 5 = 6.5m



WORK POWER, ENERGY

Concept of Work :

In “Mechancis” work means “accomplishment”. A force 15 said to have done work,
if 1t moves the body, on which it acts, through a certam distance. If a force 15 not able to
produce any displacement no work 15 said to have been dome.

Work Definition :

Work 15 defined as the product of force (F) and displacement (s) both bemng in the
same direchon Work 15 posiive or negative according as the force acts m same direchon
or m the direction opposite to the direchion of displacement.

Mathematically.
work done= Force = distance
W=F x §

POTENTIAL ENERGY (P.E.)

Definition :
The energy which a body possess by virue of 1fs position or configuration 15 called
potential enerzy [PE.]

KINETIC ENERGY (K.E.)

Definition :

The energy which a body possesses by virtue of its motion 55 known as kmetic energy
It 5 measured by the amownt of work required to be done to brmg the body to rest
Example :

1. Flowmg Water ). Bomnmg Car 3. Bullet Fired fom Gm 4. Rotatmg Wheel



LAW OF CONSERVATION OF ENERGY

Statement :

It states that “The total amount of energy in the unmverse is comstant, energy can
netther be created or destroved although it may be converted mto vanous forms™

Iwo blocks of weight 200 N and 100N are comnected by a cord passing over a
smooth pullev. Find the acceleration of the blocks and the tension in the cord.

Grven -
Weight of the two blocks 200N and 100N respectively
Solution :
Let d = distance travelled by the block
workdone by the system = (200-T) « d+ (100-T) = 1004 R 4

Change m K.E. of the system

7 T . :
= L2  (v2-0)+ 1199 (v2_g)
2 9El -\ f 2 GE1Y -
{Le_blocks moves opposite sides to each other)
=15 2

According to work energy method
workdone = change m K.E.
100d = 1529 — +* = 5.54d
i)} To find the Acceleration

We kmorar
v =u?+ 2ad (.. imitial velocity of the blocks uw =)
2ad = 6.54 = a= 327 m'sect (Ans)

(i) To find the Tension in the Cord

T T
Consider 2000 block t | i T J
} }
200M 1O
(b) {c)
According to work energy method o - Aad
200-T s
T 2x081"
200
(200-TH = 52081 > 6.54d

T = 133.33M (Ans)



A 10N block showm in figmre 8.27 is released from rest and slides a distance
5 down the inclined plane. It strikkes the spring which compresses 0.1m. before
motion impends up the plane. Take p=0.25 and spring constant K = 3N/mm.
Determine the value of s
Given

Weight of the block

w = 100

w= 025

K = 3Nmm = 3x10° MN/m
Displacement = (s+0.1)m

Selution -
Eesobine forces mommal to the plame
MN-100cos 30° =0

N = 86.6N
Fnctional force = ulN
=(.25x 566
=21.65N
Component of gravitonal force along the plane
= 100sm 30
= 50N
work of the spring = 1K (0.17
= Yx 3= 10°(0.1)
= 15Nm
Now applyng the prmemple of work and energy to the system T workdone = £ Change
m Kmefic energy
[(Gravitational Force) — (Frictional Force)]
Displacement — Work of spring = Change m kinefic energy
(30-21.63) (5+0.1)-15 =10
28 358+2 835-15 =0
5 = 0.42%m (Ans)



IMPULSE AND MOMENTUM

In the preceedme sechon. we discussed two methods for solvims the problems of mobon
of the particles. These were based on the application of principle of work and energy In
this sechon. we shall discuss the third basic method.

Impulsive Force :

The mpulsve force 15 defined as the force which acts for a very short tme and yet
produces a great change of momentum on the bodies on winch if acts.

MOMENTUM
Momentum 15 defmed as the quantity of mobon possessed by a body. It 15 equal fo
product of mass and welocity of the body:.
Momentum = mass x velocity = mV
The unt of momenhm 15 kgm's and 1t 15 a vector quanity.

PRINCIPLE OF IMPLUSE AND MOMENTUM

Consider a particle of mass ‘m’ acted upon by a force F. Accordmg to Newton's
secomnd law,
F=ma
dv
dt
Fdt = mdV
Integratmg each side from an mmifial position at “t,” when velocty 1s "u’ to a fmal
posiion at ‘t,” when the velocity 15 V
) L. v
|Fdt— [mdv
t u
ty
| Fat
t
This 15 the expression for pnnciple of mphise and momenfimn The mtegral 15 known
as mpluse. Thus by prmeiple of mphise amd momenfom

Impluse = Final momentum - Initial momentum

F=m

= mV — nm



LAW OF CONSERVATION OF MOMENTUM

Statement :

The law of conservaion of momenhmm states that “Total momentum of any group of
objects always remams constant, provided of no extemal forces area actmg on them ™
Proof :

in,

Consider two bodies m,
A and B moving m same @\u?
direction with different
velocities as shown . :

Let,
m, = mass of the body A
m, = mass of the body B
u, = Initial velocity of body A
w, = Initial velocity of body B
V, = Fmal velocity of body A
WV, = Fmal velocity of body B
Before Collision :
Imitial momentum of body A= mu,
Imtial momentum of body B= m,u,
Total momentum of bodies A and B befare collision = mu,+m,u,
After Collision :
Let the bodies A and B colhde for a short time t’
Fmal momentum of body A=mV,
Fmal momentum of body B = m,V,
Total momentum of bodies A and B aftercollsion = m,v,+m v,
By law of conservation of momenhim
Total momentim before colbsion = Total momentum affer collision
m,u,+tm,u, = m,V,+m,V,




A hammer head of mass 1 kg strikes the head of a nail with a velocity of 9
m/s, If the blow lasts 1/80 second, what is the impulse of the blow and average
force exerted by the nail on the hammer.

Given -

Mass of the hammer head. m = lkg
Iifial velocity of the hanmmer, u=o
Fmal veloaty of the hammer, v = 9 m/s

Solunon :

Tmle,t=ﬁ5

Ipulse of force = Total change m momentum
=mv-w)=1(9-0)
= 9 kom/s (Ans)

mlv—u) " 19-0)
t 1/80

=T} N {Ans)

and Implusive force, F = = 0x=30

RESULT
1. Impluse = 9 kg m/s 2. Implusive force = 720N



A Cricket ball of mass 0.2kg moving with a velocity of 15 m/s is brought to
rest by a plaver in 0.2s. Find the impulse on the ball and the average force
applied by the plaver.
Given -
Imitial velocaty of the ball u = 25 m's
Fmal velocity of the ball v =10
Time, t =02 s
mass of the ball m =02 kg

Selunon -
Let F = Average force apphed by the player,

Usmg the relation, v=u + at

0=25+a=x02
—35 e
— e = J
a a3 125 m's*
{or) Retardation, a = 125 m/s?
F=ma=02x125=25N (Amns)

Impulse = Fxt=25x0.2= 5Ns (Amns)



COLLISION OF ELASTIC BODIES

When we allow the balls of different matenals to fall on a marble floor we find that
they rebound to different heights. This property of bodies by virtue of which they rebound
after mpact, 15 called elasticity. The body which rebounds to a greater heisht 15 said fo be
meore elastic, than a body which rebounds to a lesser height.

The body winch does not rebound at all after the mpact 1= called an melastic body

DEFINITIONS :
Restitution :
Whenever the two elastic bodies colhde with each other, they tend to compress each other
Inmmediately after ths they try to regan ther onginal shapes. due to ther elasheoty
Time of Restitution :
The tome taken by the two bodies to regam the ongmal shape, after compression 15
known as tme of restfubon
Time of Compression :
The time taken by the two bodies m compression, afier the mstant of colbsion, 5 knowm
as the tme of compression
Time of Collision :
The sum of tme of compression and tme of restfufion 15 known as the tme of colhision
or penod of colbsion or penod of contact.

IMPACT
The phenomenon of collision of two bodies which ccours in a very small mierval of time
and durme wlich the two bodies exert a very large force and each other 15 called an mpact
Line of impact :
The common normal to the surfaces of two bodies m contact duning the mmpact, is
called the line of mpact.
TYPES OF IMPACT
The followmng are the two types of mpacts
(1) Drect Impact (2) Indirect {or) Oblique Impact
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(a) Before impact

() After impact

Direct impact

THA\’A

Obligue impact



A body of mass 500 kg is moving with a velocity of 10 m's sirikes amother
body of mass 300 kg moving at 7 m/s in the same direction. Both the bodies
get coupled together due to impact. Find,

(1} The commeon velocity with which the two bodies will move.

(2) Fnd the loss of kinetic energy due to impact.

— | me v T

o
7 v T

Given -
Mass of first body m,= S00kg

Mass of second body m, = 300kg
Inttial velocity of first body u, = 10m/s
Imifial velocity of second body u, = 7 ms



Solmion -
(i) When the two bodies get coupled, then total mass of the two bodies.
M = m,+m,
= 500 + 300
= 800 kg
Let
v = Common veloaty of the two bodies after mmpact.
Total momentum before mpact.
= m, U, 1,
=50x10+300x7
= 7100 Kom/s REPEE | | |

Total momenhum after mpact
= (m#m) v
= (300300 kem's PR v,
According to law of conservabon of momentum
Total momentim before mipact = Total momenhm afier mmpact
100 = (300+3000
v=8875 mfs (Ans)
ii) Total kinetic energy before impact
= tm, u;+ v, v,
=%x50x1P+%x30x 7
= 25000 + 7350
= 32350 Nm
Total kinetic energy after mpact
= ¥ My?
= % x 300 x (B.875)¢
= 31306 Nm
Loss of kinetic energy = Total kimetic energy before mupact
Total kimetic energy after mpact
= 32330-31506
= 84 Nm (Ans)



A sphere of mass 1 kg moving with a velocity of 10 m/s, strikes on a sphere

of mass 1 ke moving with a velocity of 15 m/s. At the imstant of impact, the
velocities of the balls are inchned at an angle of 25" and 60° to the line of

impact as shown i figure, If coefficient of restitution is 0.9, Calculate (a) the
magnitude and direction of first ball velocity after impact and (b) the magnimde

and direction of second ball velocity after impact.

Ui

. \ 1

ey idi (&)
Grven -

Mass of the first ball m,= 1kg
Inifial velocity of the first ball u= 10 m's
Mass of the second ball, m, = lkg
Iniial velocity of the second ball u,= 15 m's
Angle made by the first ball with line of impact before mpact o = 25°
Angle made by the second ball with line of mopact before mpact p = 60°
Co-efficient of restitution e = 0.9
Fmal velocity of the first ball = v,
Fmal velocity of the second ball = v,
Angle made by the first ball with Ine of mpact after mpact = &
Angle made by the second ball with lme of mpact after mpact = ¢



Solution -

The components of velocity of each ball perpendicular to the Ime of mpact before
and after mpact 15 same.

Nomal component of mitial velocity = Nomal component of final velocity
u, sin 25" =v, s @
10 sm 25" =v, sin
vy sim 8 =423 W— ik
For ball 2
Nomual component of mitial velocity = Nommal component of final veloeity
u, sin 60° = v, sm &
15 sin 60° = v, sin ¢
1299 = v, sm ¢ R |
Now accordmg fo the law of conservation of momenhim
Total momentum along the Ime of mipact before mpact =
Total momentum alone the Ine of mpact after mpact.
m.u, ¢o8 o+ m, u, cos B = mVv, cos 8+ m, v, cos b
1x10xcos 25"+ 1 x 15c0860° =1 x v, cos® + 1 x v, cos
v, cosB + v, cosp =9.06 + 7.3
= 16.56 P 1.
The co-efficient of restitubion for the mdirect mupact between two bodies 15 given by

VaCO5H— vycosh

mjcosa —uycosp
v;Cosh—vyCosd
" 10C0s25° —15Cos60°
v, cosp-v, cosd = 0.9 (10 cos 25? - 15 cos 60%)
=09 (0.06-7.3)
v, cos 6- v, cos ¢ = 1.404 e (4D
Addmg equation (3) and (4). we get
IV, cos ¢ = 17.964
v, cos § = 598 R ) |

09



Substifuting the above value in equation (3), we get

v, cos B + 8.89 = 16.56

v, cos B = 1578

Drading equation (1) by equation (6) we get

visme 423
vicost 7578

tan & = 0.36
g = 2024°
Substiutmg thns value of g m equation ()
v, cos 29.26° = 7.578
v,= 8.7 m's
Dradmg equation (2) by equation (3)
Vasmé 1299
vycosh 808
tan ¢ = 1.44
§ = 55220
Substituting the vahue of ¢ in equation (2)
v, s 5520 =1290

v, = 15,84 m's

RESULT

1. Fmal velocity of first ball v, = 8.7 m/s

2. Final velocity of second ball v, = 15,84 m's

3. Direction of first ball 6 = 29.26°
4. Direction of second ball ¢ = 55.22¢

(Ans)

(Ans)

(Ans)



